Finally, w e make a conjecture on the exponents of all regular primitive digraphs.
If we assume only that the primitive digraph D is vertex-transitive, then we are able to prove that expD n k , n k
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Introduction and Preliminaries
Let D = V;E denote a digraph with vertex set V , and arc set E. F or each u 2 V , we let d + u = jfv : u; v 2 Egj, the out-degree of u, and d , u = jfv : v;u 2 Egj, the in-degree of u. These parameters count the loop u; u i f u; u 2 E. W e s a y that D is simple if it has no loops. We s a y that D = V;E i s regular if d + u = d , v for all u; v 2 V . Throughout the paper, n will always denote the number of vertices or order of a digraph, and k will always denote the common in-or out-degree in a regular digraph including a loop, if present.
Taking the minimum of an empty set to be in nite, some standard parameters for D = V;E m a y be de ned as follows. The diameter, diamD, is the minimum r for which there is a u ! v walk of length at most r for all u; v 2 V . The exponent, expD, is the minimum r for which there is a u ! v walk of length exactly r for all u; v 2 V . The girth, gD, is the minimum r for which there is a directed cycle of length r. If A n umber of parameters of D may be de ned in terms of the associated n n adjacency matrix M = MD, where we regard M as a member of B n , the set of all n n Boolean matrices with entries from the Boolean algebra B = f0; 1g. F or example, it is customary to de ne expM, the exponent o f M, to be the minimum r for which M r = J, the matrix with all entries 1, and to say that a matrix M 2 B n is primitive if expM is nite. Since expM = expD, this agrees with our de nition above. In fact, every Cayley digraph is vertex-transitive: for each pair u; v of vertices there is an automorphism of the digraph that takes u to v.
For r a positive i n teger, let A r denote the set of all products of r not necessarily distinct elements chosen from A. Then the diameter of CayG; A is the minimum r such that A f eg r = G; the exponent o f C a yG; A is the minimum r such that A r = G; and, the girth of CayG; A is the minimum r such that e 2 A r . Consequently, diamCayG; A = diamCayG; A f eg = expCayG; A f eg. Thus If the complete symmetric digraph of order n is denoted by K n and the directed cycle of order n by C n , then K n = C a yZ n ; Z n n f 0g and C n = C a yZ n ; f1g. Thus, C s K n is an Abelian Cayley digraph. A 1 -factor of a digraph D = V;E i s a 1-regular subdigraph with the same vertex set V . B y a faithful 1-factor of C s K n , we mean a 1-factor whose directed cycles all have the same length and which also obey one of the following properties:
1 Each directed cycle of the 1-factor has all of its vertices in some copy o f K n . 2 Each directed cycle of the 1-factor has precisely one vertex in each copy o f K n . Proof. This is a direct consequence of Theorem 1 3 and Theorem 2. Remark. In the proof of Theorem 2, we observed that n g , 1k + 1. This is equivalent t o g d n=ke. Hamidoune Thus condition 4 holds. On the other hand, it is easy to check that each of the four conditions is su cient for equality.
Exponents of Vertex-transitive Digraphs
In this section, we consider vertex-transitive digraphs. Such digraphs must always be regular. As before, we assume that k always denotes the common in-or out-degree of a regular digraph.
Much has been done on the connectivity and diameter of vertex-transitive digraphs in a series of papers by Hamidoune. We rst de ne an atom, a helpful notion for examining the strong connectivity of digraphs. We refer the reader to 4 Bounding the girth of a regular digraph has been a problem of interest for some time. Behzad, Chartrand and Wall 1 conjectured that the girth of a simple k-regular digraph of order n is at most dn=ke. F or more details, we refer the reader to 6 1 and their references. Here we just note that the conjecture is true for vertex-transitive digraphs.
Lemma 5 
4 Further Research and Open Problem
Corollary 5 encourages us to consider the larger class of primitive k-regular digraphs, i.e., the primitive digraphs for which e v ery vertex has in-degree and out-degree k.
Some ideas in this section come from 9 . We rst state several results from the literature.
Lemma 6 10 Let D be a digraph such that each vertex of D has out-degree a t least k 2. Then D has a directed cycle of length at most n k + 304. Lemma As evidence in support of it, Shen 14 proved the conjecture for k = 2 recently.
In order to settle Conjecture 1 completely, w e believe that rst of all a good upper bound on the girth g of all k-regular digraphs should be found so that one can use Lemma 9. In particular, we strongly believe that the proof of the Behzad-ChartrandWall conjecture 1 mentioned in Section 3 is required in order to prove Conjecture 1. We conclude the paper with a family of digraphs that show that the upper bound in Conjecture 1 cannot be decreased.
Example. De ne a family F of k-regular digraphs D = V;E of girth g as follows.
The vertex set V = g i=0 V i , where the V i are pair-wise disjoint, jV 0 j = 1 and jV i j = k for all 1 i g. The arc set E f u; v : u 2 V i ; v2 V i+1 g, where addition is taken modulo g + 1, and the remaining arcs in E may b e a n y set of arcs from V g to 
